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Abstract. This paper is a review of monopoles, lowest Landau level, fuzzy spheres, and 
their mutual relations. The Hopf maps of division algebras provide a prototype relation 

■ between monopoles and fuzzy spheres. Generalization of complex numbers to Clifford al- 
\ gebra is exactly analogous to generalization of fuzzy two-spheres to higher dimensional fuzzy 

spheres. Higher dimensional fuzzy spheres have an interesting hierarchical structure made 
of "compounds" of lower dimensional spheres. We give a physical interpretation for such 

■ particular structure of fuzzy spheres by utilizing Landau models in generic even dimensions. 
\ With Grassmann algebra, we also introduce a graded version of the Hopf map, and discuss 

its relation to fuzzy supcrsphere in context of supcrsymmetric Landau model. 
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1 Introduction 

Fuzzy two-sphere introduced by Madore pQ was a typical and important fuzzy manifold where 
particular notions of fuzzy geometry have been cultivated. In subsequent explorations of fuzzy 
geometry, higher dimensional and supersymmetric generalizations of the fuzzy spheres were 
launched by Grosse et al. [21 OH]. Furthermore, as well recognized now, string theory provides 
a natural set-up for non-commutative geometry and non-anti-commutative geometry [SJ EJ [7] . In 
particular, classical solutions of matrix models with Chern-Simons term are identified with fuzzy 
two-spheres [8] , fuzzy four-spheres [9] and fuzzy superspheres [10] . Fuzzy manifolds also naturally 
appear in the context of intersections of D-branes |1R [T2l [13] . In addition to applications to 
physics, the fuzzy spheres themselves have intriguing mathematical structures. As Ho and 
Ramgoolam showed in [H] and subsequently in [15] Kimura investigated, the commutative limit 
of (even-dimensional) fuzzy sphere takes the particular foru0: 

Sf ~ SO{2k + l)/U(k). 

From this coset representation, one may find, though S^ is called 2/c-dimensional fuzzy sphere, 
its genuine dimension is not 2k but k(k + 1). Furthermore, the fuzzy spheres can be expressed 
as the lower dimensional fuzzy sphere-fibration over the sphere 

g2k ^ g2k x g2k-2 

Thus, S'p has "extra-dimensions" coming from the lower dimensional fuzzy sphere S^~ 2 . One 
may wonder why fuzzy spheres have such extra-dimensions. A mathematical explanation may 
go as follows. Fuzzification is performed by replacing Poisson bracket with commutator on a 
manifold. Then, to fuzzificate a manifold, the manifold has to have a symplectic structure to 
be capable to define Poisson bracket. However, unfortunately, higher dimensional spheres S 2k 
(k > 2) do not accommodate symplectic structure, and their fuzzification is not straightforward. 
A possible resolution is to adopt a minimally extended symplectic manifold with spherical sym- 
metry. The coset SO (2k + 1)/U(k) suffices for the requirement. 



The odd-dimensional fuzzy spheres can be given bySf' 1 ~SO(2k)/(U(l)®U{k-l)) pUE]. For instance, 



Si » S 2 x S 2 . 
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Since detail mathematical treatments of fuzzy geometry have already been found in the 
excellent reviews [TSJ HH [22 ED E2J [23], in this paper, we mainly focus on a physical approach 
for understanding of fuzzy spheres, brought by the developments of higher dimensional quantum 
Hall effect (see as a review [23] and references therein). The lowest Landau level (LLL) provides 
a nice way for physical understanding of fuzzy geometry (see for instance [25]). As we shall see 
in the context, generalization of the fuzzy two-spheres is closely related to the generalization 
of the complex numbers in 19th century. Quaternions discovered by W. Hamilton were the 
first generalization of complex numbers [26] . Soon after the discovery, the other division algebra 
known as octonions was also found (see for instance [27] ) . Interestingly, the division algebras are 
closely related to topological maps from sphere to sphere in different dimensions, i.e. the Hopf 
maps [281 129] . While the division algebras consist of complex numbers C, quaternions EI and 
octonions O (except for real numbers K), there is another generalization of complex numbers and 
quaternions; the celebrated Clifford algebra invented by W. Clifford [30]. The generalization of 
complex numbers to Clifford algebra is exactly analogous to generalization of fuzzy two-sphere 
to its higher dimensional cousins. Particular geometry of fuzzy spheres directly reflects features 
of Clifford algebra. With non-Abelian monopoles in generic even dimensional space, we explain 
the particular geometry of fuzzy spheres in view of the lowest Landau level physics. There is 
another important algebra invented by H. Grassmann [31]. Though less well known compared 
to the original three Hopf maps, there also exists a graded version of the (1st) Hopf map [32]. 
We also discuss its relation to fuzzy supersphere. 

The organization is as follows. In Section [21 we introduce the division algebras and the Hopf 
maps. In Section [3j with the explicit construction of the 1st Hopf map, we analyze the Landau 
problem on a two-sphere and discuss its relations to fuzzy two-sphere S F . The graded version of 
the Hopf map and its relation to fuzzy superspheres are investigated in Section [H In Section OJ 
we extend the former discussions to the 2nd Hopf map and fuzzy four-sphere Sp. In Section [6l 
we consider the 3rd Hopf map and the corresponding fuzzy manifolds. In Section[7l we generalize 
the observations to even higher dimensional fuzzy spheres based on Clifford algebra. Section [8] 
is devoted to summary and discussions. In Appendix El for completeness, we introduce the 0th 
Hopf map and related "Landau problem" on a circle. In Appendix [Bl the SU(k + 1) Landau 
model and fuzzy CP k manifold are surveyed. 

2 Hopf maps and division algebras 

As the division algebras consist of only three algebras, there exist three corresponding Hopf 
maps, 1st, 2nd and 3rd. The three Hopf maps 



are closely related bundle structures of U(l), SU(2), and SO (8) monopoles [331 El G5] • Interes- 
tingly, the Hopf maps exhibit a hierarchical structure. Each of the Hopf maps can be understood 
as a map from a circle in 2D division algebra space to corresponding projective space: 



For instance, in the 1st Hopf map, the total space S^ represents a circle in 2D complex space, 
i.e. 5 3 , and the basespace CP 1 denotes the complex projective space equivalent to S 2 . For 
the 2nd and 3rd Hopf maps, same interpretations hold by replacing complex numbers C with 




(1st) 
(2nd) 
(3rd) 




(1st) 
(2nd) 
(3rd) 
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quaternions H, and octonions O, respectively. For later convenience, we summarize the basic 
properties of quaternions and octonions. The quaternion basis elements, 1, qi, q2, <?3, are defined 
so as to satisfy the algebra [26] 

?i = ?i = ?i = 9i<?2<?3 = -1, Hlj = -QjQi (i + j), 
or equivalently, 

{Qi, Qj} = -2<%, [qi, qj] = 2e ijk q k , 

where €ij k is Levi-Civita antisymmetric tensor with €123 = 1. Thus, quaternion algebra is non- 
commutative. As is well known, the quaternion algebra is satisfied by the Pauli matrices with 
the identification, qi = —10%. (We will revisit this point in Section [51) An arbitrary quaternion 
is expanded by the quaternion basis elements: 

3 

i=l 

where ro, ri are real expansion coefficients, and the conjugation of q is given by 

3 

q* = r l - ^mi. 

i=l 

The norm of quaternion, \\q\\, is given by 

3 

r 2 + ^/; 2 . 

i=l 

It is noted that q and q* are commutative. The normalized quaternionic space corresponds to <S 3 , 
and the total manifold of the 2nd Hopf map, 5 7 , is expressed as the quaternionic circle, S^: 

3 3 

q q + q q = r + ^ r i + r + 2^ r * = 1- 

i=l i=l 

Similarly, the octonion basis elements, 1, e±, . . . , e7, are defined so as to satisfy the algebras 

{e/,ej} = -25 u , [ej,ej] = 2f IJK e K , (2.1) 

where I,J,K = 1,2, ... ,7. 5u denotes Kronecker delta symbol and //j^ does the antisymmetric 
structure constants of octonions (see Table [T]) . 

The octonions do not respect the associativity as well as the commutativity. (The non- 
associativity can be read from Table [TJ for instance, (eie2)e4 = ej = —ei{e2 e &)-) Due to their 
non-associativity, octonions cannot be represented by matrices unlike quaternions. However, the 
conjugation and magnitude of octonion can be similarly defined as those of quaternion, simply 
replacing the role of the imaginary quaternion basis elements qi with the imaginary octonion 
basis elements e/. An arbitrary octonion is given by 

7 

o = ro 1 + y~Vjej, 
1=1 

with real expansion coefficients ro, 77, and its conjugation is 
7 

o* = r l - y^rjej. 
1=1 
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Table 1. The structure constants of the octonion algebra. For instance, /145 = 1 can be read from 
eie 4 = e 5 . The octonion structure constants are given by f 12 3 = /us = fn& = /246 = /s27 = /374 = 
/365 = lj and other non-zero octonion structure constants are obtained by the cyclic permutation of the 
indices. 
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The norm of octonion, Noll, is 



r 2 + V] r/ 2 



1=1 



Like the case of quaternion, o and o* are commutative. The normalized octonion 0*0 = 1 
represents S 7 , and the total manifold of the 3rd Hopf map, S 45 , is given by the octonionic 
circle Sk, 



* 1 /* / 
00 + o 



7=1 



7=1 



One may wonder there might exist even higher dimensional generalizations. Indeed, following 
to the Cayley-Dickson construction [27], it is possible to construct new species of numbers. 
Next to the octonions, sedenions consisting of 16 basis elements can be constructed. However, 
the sedenions do not even respect the alternativity, and hence the multiplication law of norms 
does not hold: ||x|| ||y|| 7^ \ \x ■ y\\. Then, the usual concept of "length" does not even exist in 
sedenions, and a sphere cannot be defined with sedenions and hence the corresponding Hopf 
maps either. Consequently, there only exit three division algebras and corresponding three Hopf 
maps. 



3 1st Hopf map and fuzzy two-sphere 

In this section, we give a realization of the 1st Hopf map 

S 3 ^ S 2 , 

and discuss basic procedure of fuzzification of sphere in LLL. 



3.1 1st Hopf map and U(l) monopole 

The 1st Hopf map can explicitly be constructed as follows. We first introduce a normalized 
complex two-spinor 
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satisfying (f>^(f> = 1. Thus <fi, which we call the 1st Hopf spinor, represents the coordinate on 
the total space S 3 , and plays a primary role in the fuzzification of sphere as we shall see below. 
With the Pauli matrices 

ai= {i o)' a *={i o')' ° 3= (o (3 ' 1} 

the first Hopf map is realized as 

(f> _>. xi = $0$. (3.2) 
It is straightforward to check that Xj satisfy the condition for S 2 : 

x iXl = ((PU) 2 = 1. (3-3) 



Thus, (|3.2p demonstrates the 1st Hopf map. The analytic form of the Hopf spinor except for 
the south pole is given by 

1 ( 1 + X3 (3.4) 



y/2(l + X 3 ) V X 1 + ZX 2, 

and the corresponding fibre-connection is derived as 

A = dxiAi = -i<ftd4>, (3.5) 

where 

1 

i_ 2(l + x 3 ) eii3Xj ' 
The curvature is given by 

Fij = d{Aj - djAi = ^eijkXk, (3.6) 

which corresponds to the field strength of Dirac monopole with minimum charge (see for in- 
stance [36]). The analytic form of the Hopf spinor except for the north pole is given by 

, _ 1 fxi- ix 2 

" y/2(l-x 3 ) V 1 " *3 

The corresponding gauge field is 
A' = -i^' ] d<t)' = dxiA't, 

where 



A' 



1 



2(1 -x 3 ) 



€ ij3 x j- 



The field strength F'- = diA'- — djA[ is same as F^ (|3.6p . which suggests the two expressions of 
the Hopf spinor are related by gauge transformation. Indeed, 

4>' = 4> ■ g = g ■ 4>, 

where g is a U(l) gauge group element 
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Here, the gauge parameter \ is given by tan(x) = The U{1) phase factor is canceled in the 
map (|3.2|) . and there always exists such U{\) gauge degree of freedom in expression of the Hopf 
spinor. With the formula 



-ig*dg = - —ei j3 Xidxj, 



1 

the above gauge fields are represented as 



A = ^{l-x 3 )g*dg, A' = ~(l + x 3 )g*dg, 

and related by the U(l) gauge transformation 
A' = A - ig*dg. 

The non-trivial bundle structure of U(l) monopole on S 2 is guaranteed by the homotopy theorem 

tq(£/(1))~Z, 
specified by the 1st Chern number 

Cl 4vr j S 2 F ' 
3.2 SO (3) Landau model 

Here, we consider a Landau model on a two-sphere in U(l) monopole background. In 3D space, 
the Landau Hamiltonian is given by 

TT = - — D 2 = _J_^_ _ J_l. 4- r , 7 ) 

2M 1 2M8r 2 Mr Or 2Mr 2 *' 1 } 

where Di = di + L4j, r = JxiXi, and i = 1, 2, 3 are summed over. A, is the covariant angular 
momentum A, = —ieijkXjD k . The monopole gauge field has the form 

I 

l ~ 2r{r + x 3 ) ei3ZX3 ' 
and the corresponding field strength is 

-fj — ^ijkdjA^ — ' 
The covariant angular momentum Aj does not satisfy the SU(2) algebra, but satisfies 

[Ai,Aj] =ie ijk (A k -r 2 F k ). 
The conserved SU(2) angular momentum is constructed as 

Li = A t + r 2 F t , 
which satisfies the genuine SU(2) algebra 

[Li,Lj] = ieij k L k . 

On a two-sphere, the Hamiltonian (j3.7|) is reduced to the SO (3) Landau model |37j 

H = (3.8) 
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where R is the radius of two-sphere. The SO (3) Landau Hamiltonian can be rewritten as 

where we used the orthogonality between the covariant angular momentum and the field 
strength; AjFj = i^Aj = 0. Thus, the Hamiltonian is represented by the SU(2) Casimir operator, 
and the eigenvalue problem is boiled down to the problem of obtaining the irreducible represen- 
tation of SU(2). Such irreducible representations are given by monopole harmonics [38]. The 
SU(2) Casimir operator takes the eigenvalues Lf = j(j + 1) with j = | + re (re = 0, 1,2, ... ). 
(The minimum of j is not zero but a finite value 1/2 due to the existence of the field angular 
momentum of monopole.) Then, the eigenenergies are derived as 

£n = ^(n 2 +n(/ +!) + £). (3.10) 

In the thermodynamic limit, R,I—> oo, with B = I/2R 2 fixed, (|3.10p reproduces the usual 
Landau levels on a plane: 

E n — > oj ( n + - 



2 / 

where u = B/M is the cyclotron frequency. The degeneracy of the nth Landau level is given by 
d(n) = 21 + 1 = 2n + I + 1. (3.11) 

In particular, in the LLL (n = 0), the degeneracy is 
^lll = 1 + 1- 

The monopole harmonics in LLL is simply constructed by taking symmetric products of the 
components of the 1st Hopf spinor 



,(mi,m 2 ) _ / jmi xm 2 



(3.12) 

V mi!m2! 

where m\ + rri2 = I (mi,m,2 > 0). In the LLL, the kinetic term of the covariant angular 
momentum is quenched, and the SU(2) total angular momentum is reduced to the monopole 
field strength 

Then in LLL, the coordinates Xi are regarded as the operator 
Aj = aLi, 

which satisfies the definition algebra of fuzzy two-sphere 

[Xi,Xj] = ia€ij k X k , (3.13) 
with a = 2R/I. 

We reconsider the LLL physics with Lagrange formalism. In Lagrange formalism, importance 
of the Hopf map becomes more transparent. The present one-particle Lagrangian on a two-sphere 
is given by 

Li — —^-XiXi "T X{J\{^ 
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with the constraint 

XiXi = R 2 . (3.14) 
In the LLL, the Lagrangian is represented only by the interaction term 
= XiAi. 

From (|3.5p . the LLL Lagrangian can be simply rewritten as 

W = -i/^^U (3.15) 
at 

and the constraint ()3.14j) is 

0ty = L (3.16) 

It is noted that, in the LLL, the kinetic term drops and only the first order time derivative term 
survives. The Lagrangian and the constraint can be represented in terms of the Hopf spinor. 
Usually, in the LLL, the quantization is preformed by regarding the Hopf spinor as fundamental 
quantity, and the canonical quantization condition is imposed not on the original coordinate 
on two-sphere, but on the Hopf spinor. We follow such quantization procedure to fuzzificate 
two-sphere. From (j3. 15|) . the conjugate momentum is derived as ir = —ilcf)*, and the canonical 
quantization is given by 



This quantization may remind the quantization procedure of the spinor field theory, but readers 
should not be confused: The present quantization is for one-particle mechanics, and the spinor 
is quantized as "boson" A3. 17H . Then, the complex conjugation is regarded as the derivative 

*■ = ?£• (3 - 18) 

and the constraint (|3.16p is considered as a condition on the LLL basis 


0*777 0LLL = -f^LLL- 

ocp 

The previously derived LLL basis (I3.12P indeed satisfies the condition. 

By inserting the expression (13.18P to the Hopf map, we find that Xi are regarded as coordinates 
on fuzzy two-sphere 

Xi = R^aicfi = -^Vi — , 
2 d(f> 

which satisfies the algebra A3. 13f> . Thus, also in the Lagrange formalism, we arrive at the fuzzy 
two-sphere algebra in LLL. The crucial role of the Hopf spinor is transparent in the Lagrange 
formalism: The Hopf spinor is first fuzzificated ()3.17j) . and subsequently the coordinates on 
two-sphere are fuzzificated. This is the basic fuzzification mechanics of sphere in the context of 
the Hopf map. 
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3.3 Fuzzy two-sphere 

The fuzzy two-sphere is a fuzzy manifold whose coordinates satisfy the SU(2) algebraic rela- 
tion [T] 

= iaeijkXk. 

The magnitude of fuzzy sphere is specified by the dimension of corresponding SU(2) irreducible 
representation. A convenient way to deal with the irreducible representation is to adopt the 
Schwinger boson formalism, in which the SU (2) operators are given by 

a *i 
Xi = -(p'ai(p. 

Here, (j) = (cpi,cp2) t stands for a Schwinger boson operator that satisfy 

[$a,4>p] = <W> 

with a, /3 = 1, 2. Square of the radius of a fuzzy two-sphere reads as 

XiXi = — (0fy)(0t0 + 2 ). (3.19) 

The commutative expression fj3.3j) and the fuzzy expression f|3. 19j) merely differ by the "ground 
state energy" . Thus, the radius of the fuzzy sphere is 

Rj = |/r(TT2), 

where I is the integer eigenvalue of the number operator / = cft(j> = 4>\(j)\ + ^2^2- In the classical 
limit I — >■ 00, the eigenvalue reproduces the radius of commutative sphere 

Rj = ^^WTY) -> |/ = R. 
The corresponding SU (2) irreducible representation is constructed as 

\ mi ,m 2 ) = J_ ^^|0), (3.20) 
Vmi!m2! 

where ttt-i + 7712 = I (mi,m2 > 0), and the degeneracy is given by d(I) = 7+1. Appar- 
ently, there is one-to-one correspondence between the LLL monopole harmonics (|3.12p and the 
states on fuzzy sphere (|3.20p . Their "difference" is superficial, coming from the corresponding 
representations: Schwinger boson representation for fuzzy two-sphere, while the SU{2) coher- 
ent representation for LLL physics. This is the basic observation of equivalence between fuzzy 
geometry and LLL physics. 

4 Graded Hopf map and fuzzy supersphere 

Before proceeding to the 2nd Hopf map, in this section, we discuss how the relations between the 
Hopf map and fuzzy sphere are generalized with introducing the Grassmann numbers, mainly 
based on Hasebe and Kimura [39]. The Grassmann numbers, r] a , are anticommuting numbers [31] 



(4.1) 
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In particular, ?7 2 = (no sum for a). With Grassmann numbers, the graded Hopf map was 
introduced by Landi et al. [321 1301 131] . 

S 3|2 5 2| 2j (4 2) 

where the number on the left hand side of the slash stands for the number of bosonic (Grass- 
mann even) coordinates and the right hand side of the slash does for the number of fermionic 
(Grassmann odd) coordinates. For instance, S" 2 ' 2 signifies a supersphere with two bosonic and 
two fermionic coordinates. The bosonic part of the graded Hopf map (|4.2p is equivalent to the 
1st Hopf map. 

4.1 Graded Hopf map and supermonopole 

As the 1st Hopf map was realized by sandwiching Pauli matrices between two-component 
normalized spinors, the graded Hopf map is realized by doing UOSp(l\2) matrices between 
three-component (super)spinors. First, let us begin with the introduction of basic properties of 
UOSp(l\2) algebra 02J |33j 03] . The UOSp(l\2) algebra consists of three bosonic generators Lj 
(i = 1, 2, 3) and two fermionic generators L a (a = 61,82) that satisfy 

[Li, Lj] = ieijkL k , [Li,L a ] = -((Ti)p a Lp, {L a , Lp} = -(eai) a pLi, (4.3) 

where e = i<72- As realized in the first algebra of (|4.3j) . the UOSp(l\2) algebra contains the 
SU(2) as its subalgebra. Li transforms as SU{2) vector and L a does as SU{2) spinor. The 
Casimir operator for UOSp(l\2) is constructed as 

C = LiLi + e a pL a Lp, 

and its eigenvalues are given by L(L + i) with L = 0, 1/2, 1,3/2, 2, . . . . The dimension of the 
corresponding irreducible representation is 4L + 1. The fundamental representation matrix is 
given by the following 3x3 matrices 

, _ 1 fa 0\ If r 

l ~2\0 0)' a ~2\-(eT a ) t 

where ai are the Pauli matrices, n = (1,0)*, and T2 = (0, 1)*. With Zj and l a , the graded Hopf 
map (|4.2p is realized as 



(p ->■ Xi = 2tpHi(p, 8 a = 2ip i l a ip, (4.4) 
where (p is a normalized three-component superspinor which we call the Hopf superspinor: 




tp = \ip2 ■ (4.5) 



Here, the first two components 931 and if2 are Grassmann even quantities, while the last com- 
ponent 77 is Grassmann odd quantity. The superadjoint \ is defined a^l 



V X = {<Pi,<P2,-V*), 



2 The symbol * represents the pseudo-conjugation that acts as (jj*)* = —tj, (771772)* = 1I1V2 f° r Grassmann odd 
quantities 771 and 772. See [45] for more details. 



12 



K. Hasebe 



and (p represents coordinates on S 3 ' 2 , subject to the normalization condition 

tpt<p = tpfa-L + (p*p 2 - rfr} = 1. 

Xi and 9 a given by (|4.4p are coordinates on supersphere 5 2 ' 2 , since the definition of supersphere 
is satisfied: 

XiXi + e a p9 a 9p = ((f^if) 2 = 1. 

Except for the south-pole of S 12 ' 2 , the Hopf superspinor has an analytic form 



^2(1 + ^3) 



(l + x 3 ) ( 1 

{x\ + ix 2 ) 1 + 



1 



4(1 + x 3 ) 
1 



\ 



-9e9 



4(1 + x 3 

\ (1 + x 3 )9 x + (xi + ix 2 )6 2 J 



The corresponding connection is derived as 
A = —iip^d(p = dxiAi + dO a A a , 

with 



A; 



1 



2(1 + x 3 ) 



e ij3Xj 1 + 



2 + x 3 
2(1 + x 3 ) 



9e9 



A r 



--i{Xi(TieV) a . 



(4.6) 



Ai and A a are the super gauge field of supermonopole. The field strength is evaluated by the 
formula 

1 1 

F = dA = -dxi A dxjFn + dx- t A d6 a Fi a d9 a A d9sF a R, 

2 2 

where 



Fij = diAj - djAi = -e ij3Xj ^1 + -9e9 j , 
Fi a = diA a — d a A{ = —i—{9<jje) a (5ij — 3xjXj), 
F a/ 3 = d a Ap + dp A a = -ixi(<Ji€) a p ^1 + ■ 

The analytic form of the Hopf superspinor except for the north pole is given by 



(4.7) 



v/2(l-Z3) 



(xi - ix 2 ) ( 1 + 
(1 " a*) ( 1 



4(1 -x 3 
1 



4(1 - x 3 

V (si - ke 2 )0i + (1 - x 3 )0 2 J 



and the corresponding gauge field is obtained as 
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The field strength F' = dA' is same as (|4,7p . suggesting the two expressions of the Hopf super- 
spinor are related by the transformation 

Cp' = (p . g = g . (p. 

Here, g denotes U(l) gauge group element given by 
Xl -ix 2 ( 1 

with x given by tanx = §p The U(l) group element yields 

-ig*dg = 2 e ij3 Xidxj (l + 2 6>e6M , 
1 — x 3 \ 1 — x 3 / 

and A (I4.6P and A' (I4.8P are expressed as 

A = *M 1 - x 3 (l + ^0e0)J + d6 a A a , 
A' = (\ + x 3 (l + ^0e0)) g*dg + d6 a A a . 

Then, obviously the gauge fields are related as 

A' = A- ig*dg, 
and then 

F' = F. 

4.2 UOSp(l\2) Landau model 

Next, we consider Landau problem on a supersphere in supermonopole background [39J. The 
supermonopole gauge field is given by 

I / 2r + x 3 \ / 

Ai = ~^~r~, \ e iJ3Xj 1 + 2 r<9e<9 , A a = -— ^(a^e^a, 

2r(r + X3j \ 2r z (r + X3j / 2r 6 

where | (/ denotes an integer) is a magnetic charge of the supermonopole. Generalizing the 
50(3) Landau Hamiltonian (|3,8p to U0Sp(l\2) form, we have 

ff = 2ii? (A ' +£a,fAaA,i) ' (49) 

where Aj and A a are the bosonic and fermionic components of covariant angular momentum: 

Ai = -iei jk XjD k + ^9 a (ai) a pDp, A a = ^{eai) a pXiDp - ^Op(ai)p a Di, 

with Di = di + iAi and D a = d a + iA a . Aj and A a obey the following graded commutation 
relations 

[Ai, Aj] = ie ijk {A k - r 2 F k ), [Aj, A Q ] = -(ai)p a (A - r 2 Fp), 
{A a ,Ap} = -{&Ti) a p(hi -r 2 Fi), 
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where F{ and F a are 



Just as in the case of the S0{2>) Landau model, the covariant angular momentum is not a 
conserved quantity, in the sense [Aj,77] ^ 0, [A a ,H] ^ 0. Conserved angular momentum is 
constructed as 



L i = K l + r z F u L a = K a + r 2 F c 



a ■ 



It is straightforward to see Lj and L a satisfy the UOSp(l\2) algebra (|4.3p . Since the covariant 
angular momentum and the field strength are orthogonal in the super symmetric sense: AjT^ + 
e a pK a Fp = FiAi + e a pF a Kp = 0, the UOSp(l\2) Landau Hamiltonian (|4.9p can be rewritten as 

With the Casimir index J = | + n, the energy eigenvalue is derived as 

E - = 2M? ( J ( J + 1) ~ t) L +i = 2M? H n + 1) +I ( n + 1 

and the degeneracy in the nth Landau level is 

d n = 4J + 1| J=n+ i_ = An + 21 + 1. 
In particular in the LLL (n = 0), the degeneracy becomes 

d L LL = 2/ + l. (4.10) 

The eigenstates of the C/05j>(1|2) Hamiltonian are referred to the supermonopole harmonics, 
and the LLL eigenstates are constructed by taking symmetric products of the components of 
the Hopf superspinor (|4.5p : 



B (mi,ra 2 ) / I- mi mo F (ni,n 2 ) ^' fii no ,,\ 

Vlll =V — j — rVi V 2 » Vlll =\ — i — Tfi <P2 V> 4 - n ) 
V Tn\\m2\ V n\\n2\ 

where mi + rri2 = ni + ^2 + 1 =7 (mi,m2,ni,Ji2 > 0). The total number of ^lll" 1 '" 12 ^ an< ^ 
^(n l5 n 2 ) - g (j + !) + (j) = 27 + 1, which coincides with (jCTij) . In the LLL, the ?705p(l|2) 
angular momentum is reduced to 



Li — y F? Fi — — — Xi, L a — > F?F a — — — 



'a ' 



2R 2R 
and coordinates on supersphere are identified with the UOSp(l\2) operators 

Xi = aLi, @ a = aL a , 

which satisfy the algebra defining fuzzy supersphere: 

a ct 
[Xi,Xj] = iae ijk X k , [JQ,0 a ] = -{<Ji)p a @p, {6^,6/3} = -z\ e<T i)<*P x i- ( 4 - 12 ) 

With Lagrange formalism, we reconsider the LLL physics. The present one-particle La- 
grangian on a supersphere is given by 

L = — (x 2 + e a p6 a 6p) + Aiii + 9 a A a 
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with the constraint 

XiXi + e ai 30 a 6p = R 2 . 
In the LLL, the kinetic term is quenched, and the Lagrangian takes the form of 

L LLL = XiAi + 6 a A a = -ilipt-^p, (4.13) 
with the constraint 

i^tp = 1. (4.14) 

From the LLL Lagrangian (|4.13p . the canonical momentum of ip is derived as tt = il<p*, and 
from the commutation relation between ip and tt, the complex conjugation is quantized as 

* = m- (4 ' 15) 

After quantization, the normalization condition (|4.14p is imposed on the LLL basis: 
* 9 

One may confirm the LLL basis (]4.11|) satisfies the condition. By inserting (|4.15[1 to the graded 
Hopf map (|4.4p . we obtain 

d d 
X i = a(p t l i — , Q a = aipH a — . 

Apparently, they satisfy the algebra of fuzzy supersphere (14.12p . Thus, in the case of the fuzzy 
two-sphere, the appearance of fuzzy supersphere in LLL is naturally understood in the context 
of the graded Hopf map. 

4.3 Fuzzy supersphere 

Fuzzy supersphere is constructed by taking symmetric representation of the UOSp{\\2) group 
[31 HI HU [22] . We first introduce a superspinor extension of the Schwinger operator 




where 0\ and 02 are Schwinger boson operators, and fj is a fermion operator: [<£j,<£>t] = Sij, 
[<f>i,fj] = and {r),tf} = 1. With such Schwinger superoperator, coordinates on fuzzy super- 
sphere are constructed as 

Xi = a<pHi0, Q = a(pH a ip. 

Square of the radius of fuzzy supersphere is given by 

XiXi + e a/3 B a @p = ^($0){$<p + 1), 

and then the radius is specified by the integer eigenvalue / of the number operator I = ip'ip = 
0101 + + rfv as 

Rj = ^VWTT). 
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The UOSp{\\2) symmetric irreducible representation is explicitly constructed as 

\ mi ,m 2 ) = J_ (£t)™i(0t )WW | O)> \ nun2) = ^^ ( ^ r( ^t ) n 2f? t| 0)) 

with mi + r?i2 = n\ + n2 + 1 = / (mi, TO2, ni, ri2 > 0). Thus, the total number of the states 
constructing fuzzy supersphere is d = (I + 1) + (I) = 21 + 1. There is one-to-one correspondence 
between the supermonopole harmonics in LLL and the states on fuzzy supersphere. Especially, 
the Hopf superspinor corresponds to the superspin coherent state of Schwinger super operator. 



5 2nd Hopf map and fuzzy four-sphere 

In this section, we discuss relations between the 2nd Hopf map 
S 7 S 4 

and fuzzy four-sphere. Though the 2nd and 3rd Hopf maps were first introduced by Hopf [29], 
we follow the realization given by Zhang and Hu [37] in the following discussions. 



5.1 2nd Hopf map and SU(2) monopole 

Realization of the 2nd Hopf map is easily performed by replacing the imaginary unit with 
the imaginary quaternions, q\, q 2 , <?3- The Pauli matrices (|3.ip are promoted to the following 
quaternionic Pauli matrices 



l oy' '° \o -\ f 

ji (i = 1,2,3) correspond to a 2 , 74 to a\, and 75 to (T3, respectively. With such quaternionic 
"Pauli matrices" , the 2nd Hopf map is realized as 

i> ->■ Iphalp = Xa, (5.2) 

where a = 1, 2, . . . , 5, and tp is a two-component quaternionic (quaternion- valued) spinor satis- 
fying the normalization condition ip'ij; = 1. As in the 1st Hopf map, x a given by the map (|5.2p 
automatically satisfies the condition x a x a = 

(^t^)2 = 1 Life t he 1st Hopf spinor, the quater- 
nionic Hopf spinor has an analytic form, except for the south pole, as 

, 1 ( 1 + ^5 



a/2(1 + x 5 ) V x 4 + q%x 
and, except for the north pole, as 



if 



X4 



V2(l-S5) V 1 - ^5 

where i = 1, 2, 3 are summed over. These two expressions are related by the transformation 

ip' = i> • g = g • tp, 
where g is a quaternionic U(l) group element given by 

g = e~ q ' Xi = cos(x) -qi— sin(x) = —====(x 4 - qiXt). 

X sj 1 - x\ 
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Here, Xi an d its magnitude X = y xf are determined by ^tan(x) = j^i- It is possible to 
pursue the discussions with use of quaternions, but for later convenience, we utilize the Pauli 
matrix representation of the imaginary quaternions: 



-iai, 



<?2 
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-ia 3 . 



The quaternionic U(l) group is usually denoted as 17(1, H), and as obvious from the above 
identification, J7(1,H) is isomorphic to SU(2). The quaternionic Pauli matrices (|5.ip are now 
represented by the following SO (5) gamma matrices: 



71 

74 



ia\ 
—io\ 

1 

1 



72 



ia 2 
-ia 2 



73 



ia 3 
-icr 3 



75 



1 

-1 



which satisfy {^f a ,lb} = 25 a b (a> b = 1,2, 3, 4, 5). Corresponding to the quaternionic Hopf spinor, 
we introduce a SO (5) four-component spinor (the 2nd Hopf spinor) 



V>2 
W 



(5.3) 



subject to the constraint 

= i- 

With ?/;, the 2nd Hopf map (j5.2j) is rephrased as 

It is easy to check that x a satisfies the condition of S" 4 : 

^a^a = (V'V) 2 = 1- 

An analytic form of the 2nd Hopf spinor, except for the south pole, is given by 



(5.4) 



i 



0-+X5W 
y/2(l + X 5 ) \( X 4 - mXi) 



where (ft is the 1st Hopf spinor representing S 3 -fibre. The connection is derived as 

A = —iip^dift = (ft^dx a A a (j) 

where 



A„ 



1 



2(1 + x 5 



M = 0. 



(5.5) 



(5.6) 



(5.7) 



They are the SU(2) gauge field of Yang monopole 
symbol of instanton 



Here, r]^ ui signifies the 'tHooft eta- 



V, 



flVl 



+ S ai 8, 



uiO v 4 — O^Ovi 



d,,AO,A- 
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The corresponding field strength F = dA + iA A A = ^dx a A dx b F ab : 

Fab = d a A b - d b A a + i[A a ,A b ], 
is evaluated as 

F/iu = -x^A y + x v Afj, + )^n+ vi <Ji, F m5 = -F 5fl = (1 + x b )A^. {hi 
Another analytic form of the 2nd Hopf spinor, except for the north pole, is given by 



1 f(x A + ixia, 



y/2(l-x 5 ) V I 1 ~ x 5 
The corresponding connection is calculated as 
1 

(1-x 

where 



and the field strength is 

f% = x»K - X »K + 2% vi °i, FU = -F^ = (1 - x 5 )A'^. 
As is well known, the 'tHooft eta-symbol satisfies the self (anti-self) dual relation 
± 1 ± 

The two expressions, ip and ip', are related by the SU(2) transition function 
1 t ■ s 



y/T- X 5 < 



which yields 



-igUg = ~ 1 _ z -n^Xyaidx^ -idgg^ = ——^ ■ n + vi x w a i dx fM 
and the gauge fields f|5.7|) and f)5.9[) are concisely represented as 
A=—^-idgg\ A' = - +X5 ig*dg. 

Then, A and A' are related as 

A' = g^Ag - igUg, 
and their field strengths are also 

F' = g'Fg. 

This manifests the non-trivial topology of the SU{2) bundle on a four-sphere. In the Language 
of the homotopy theorem, the non-trivial topology of the SU (2) bundle is expressed by 

ir 3 (SU(2)) ~ Z, 

which is specified by the 2nd Chern number 
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5.2 SO (5) Landau model 

We next explore the Landau problem in 5D space [17] • The Landau Hamiltonian is given by 

H = -—Dl = - — So-—-^- + -^YAL, (5-10) 
2N a 2Mdr 2 Mrdr 2Mr 2 ^ afe ' K ' 

a<b 

where D a = d a + iA a , r = ^/x a x a , and A ao are the SO (5) covariant angular momentum 

A ab = -ix a D b + ix b D a . 
As in the previous 3D case, A ab do not satisfy a closed algebra, but satisfy 

[A a f>, A c rf] = i(5 ac Ahd + hdA ac — hcAad — SadAbc) 

i{x a X c Fbcl + XbXdF ac X b X c F a d X a XdF bc ) , 

where F ab are given by (|5.8p . The SO (5) conserved angular momentum is constructed as 
L a b = A ab + r 2 F ab . 



On a four-sphere, the Hamiltonian (|5.1U|) is reduced to the SO (5) Landau Hamiltonian 
1 

2MB 2 



a<b 

which is rewritten as 



a<b a<b v 



where the orthogonality, A ao F ao = F ao A ao = 0, was used. Thus, the energy eigenvalue problem 
of the Hamiltonian is again boiled down to the problem of obtaining irreducible representation of 
the SO(5) Casimir. Since the SO (5) group has two Casimirs and the irreducible representations 
are specified by two indices [Ai,A2]o With the identification [Ai,A2] = [n + |,|], the energy 
eigenvalues are expressed as 

En = 2~Mv ^ + n{1 + 3) + J ) • (5 - u) 

The integer / (/ = 0,1,2,...) specifies the SU(2) representation of the gauge field, while n 
(n = 0, 1, 2, . . . ) does the Landau level. The states in the LLL (n = 0) correspond to the fully 
symmetric spinor representation of 50(5), [-, |]. The degeneracy in the nth Landau level is 
derived as 

d n = -(n + 1)(J + l)(n + / + 2)(2n + / + 3). (5.12) 

The eigenstates of the Hamiltonian are given by the SU{2) monopole harmonics [50]. In particu- 
lar, the SU{2) monopole harmonics in the LLL are simply constructed by taking the symmetric 
products of the components of the 2nd Hopf spinor (|5.3p 



(™,™ 3 ,m 4 ) = J n (5 . 13) 

" mi!m2!m3!m4! 



3 We follow the notation in [49] 
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with mi + ni2 + + 7714 = / (mi,m2,m3,m4 > 0). Then, the LLL degeneracy is given by 

dLLL = ^(I + 3)(J + 2)(I+l), 

which actually coincides with d n= Q of (|5.12p . Up to now, everything is parallel with the 50(3) 
Landau model, but emergence of fuzzy four-sphere in LLL is not transparent unlike the fuzzy 
two-sphere case. 

With Lagrange formalism, we revisit LLL physics of the 50(5) Landau model. The present 
one-particle Lagrangian on a four-sphere is given by 

M 

L = —x a x a + x a A a , (5.14) 
with a constraint 

x a x a = R 2 . (5.15) 
In the LLL, the interaction term survives to yield 

Llll = x a A a , (5.16) 
and the relation (|5.6p implies 

W = -itf^, (5-17) 

and also the constraint (|5.15|) is rewritten as 

iff if) = 1. (5.18) 

Interestingly, in the LLL, the original 50(5) symmetry of the Lagrangian (|5. 14[) is enhanced 
to the 5i7(4) symmetry: the rotational symmetry of the 2nd Hopf spinor. We treat the 2nd 
spinor as the fundamental variable and apply the quantization condition. After quantization, 
the complex conjugate spinor is regarded as the derivative ip* = \-§x, and the normalization 
condition (|5.18|) is translated to the LLL condition 

= ^LLL- (5.19) 

dip 

The LLL states (|5.13p indeed satisfy the condition (|5.19p . Here, we comment on the origin of 
the 5J7(4) symmetry and its relation to the 2nd Hopf map. In the LLL, the 2nd Hopf spinor 
plays a primary role, and the total manifold 5 7 naturally appears in LLL. Projecting out the 
U{1) phase from 5 7 , we obtain the structure of 

CP 3 ~ S 7 /S\ 

This suggests physical equivalence between the LLL of 50(5) Landau model and that of SU(4) 
Landau model on CP 3 . (Detail discussions on physical equivalence between two Lagrangians 
(|5.16p and (|5.17p are found in (5TJ, and see Appendix IB.2I also.) The appearance of CP 3 can 
also be understood as follows. As mentioned in Introduction, 5 4 is not a Kahler manifold 
that accommodates symplectic structure. The "minimally extended" symplectic manifold of 5 4 
is CP 3 , which is given by the coset 5C/(4) /U(3), and then the SU (4) structure naturally appears. 
Such observation is completely consistent with the mathematical expression of the fuzzy four- 
sphere, since 

5£ ~ 50(5)/C/(2) ~ SU(A)/U(3) ~ CP 3 , 
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where we used 50(6)/50(5) ~ 5 5 ~ U(3)/U(2) and 50(6) ~ 5*7(4). By inserting the deriva- 
tive expression of the complex 2nd Hopf spinor to the 2nd Hopf map (|5.4|) . we find that the 
coordinate on 5 4 is expressed by the following operator 

v it d 
X a = atp la-r^- 

As we shall see in the next subsection, the 5(7(4) structure also appears in the enhanced algebra 
ofX a . 

5.3 Fuzzy four-sphere 

The fuzzy four-sphere is constructed by taking a fully symmetric representation of the 50(5) 
spinor [2"1 \9\ \15 \ \52 \ \53 \ I54j . As in the fuzzy two-sphere case, the Schwinger boson formalism 
is useful to construct coordinates on fuzzy four-sphere 

X a = (5-20) 

where tp is a four-component Schwinger boson operator satisfying [^ a ,%] = 6 a p (a, j3 = 
1, 2, 3, 4). The commutations relation of X a gives 

[X a ,X b ] = -^x ab 
where X ab is the 5*0(5) generator of the form 

X ab = ^"ablp (5-21) 

with a a b = — | [7a, 7b]- It is important to notice, unlike the case of fuzzy two-sphere, the fuzzy 
coordinates do not satisfy a closed algebra by themselves but yield the SO (5) generators. With 
the 50(5) generators X a j,, the fuzzy coordinates satisfy the following closed algebra, 

[X a ,X b ] = —X ab , [X a ,X bc ] = —i—(5 ab X c — 5 ac X b ), 

[X a b, Xcd] = i—ibacXbd — SadXbc + &bcX a d ~ 5bdX ac )- 

By identifying X a Q = \X a and X ab = X ab , we find the above algebra is concisely expressed by 
the 50(6) algebra, 

[Xab, Xcd] = i—{5acXbd — SadXbc + SbcXad — 5bdXac), 

where A, B = 1, 2, . . . , 6. Thus, the algebra defining fuzzy four-sphere is 50(6) ~ SU(4). We 
encountered the 5C/(4) structure again, and the fuzzy manifold naturally defined by 5(7(4) 
algebra is fuzzy CP 3 (see Appendix IB. ip . The enhanced 5(7(4) algebra with extra X ab coordi- 
nates accounts for the existence of extra fuzzy-dimensions [14} [T5] . Interestingly, CP 3 is locally 
expressed as the two-sphere fibration over the four-sphere: 

CP 3 « 5 4 x 5 2 , 

since CP 3 ~ S 7 / 5 1 w 5 4 x S 3 /S 1 . The "extra dimension" of Sp can be understood as two-sphere 
fibration over the four-sphere. 

Square of the radius of fuzzy four-sphere is calculated as 
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and, the radius is 

Rj = 1^/(7 + 4), 

where 7 signifies an integer eigenvalue of the number operator 7 = = + x\)\ + ^3 ^3 + 
^4^4. Similarly, the 5*0(5) Casimir operator is calculated as 

£^ = y(^)(W + 4), 

<2<fr 

2 

which yields the eigenvalue ^-7(7 + 4), and the corresponding fully symmetric representation is 
constructed as 

|m 1 ,m 2 ,m 3 ,m 4 ) = 1 , (^r i (^) wta (^) Wa (^l) W4 |0). 

Vmi!?772!m 3 !m4! 

with mi + ?7i2 + ffi3 + 7714 = 7 (7711,7712,7713,7714 > 0). The dimension for the symmetric repre- 
sentation reads as ^"{3? , which is equal to that of fuzzy CP 3 , suggesting equivalence between 
fuzzy four-sphere and fuzzy CP 3 . 



6 3rd Hopf map and fuzzy manifolds 

Here, we consider realization of the 3rd Hopf map 

5 15 ^ 5 s , 

and corresponding fuzzy manifolds. Unlike the previous cases, there are two kinds of fuzzy 
manifolds; S F ~ 50(9)/£/(4) and CP F ~ SU(8)/U(7), depending on the choice of irreducible 
representation of 50(9). The contents in this section are mainly based on Bernevig et al. |55| . 



6.1 3rd Hopf map and SO(8) monopole 

The 1st and 2nd Hopf maps were realized by sandwiching Pauli and quaternionic Pauli matrices 
by spinors. One may expect that such realization can be applied to the 3rd Hopf map. However, 
it is not so straightforward, since octonions cannot be represented by matrices due to their non- 
associative property. To begin with, we construct Majorana representation of the SO (9) gamma 
matrix with the octonion structure constants (Table [1]). With eo = 1, the octonion algebra (|2.ip 
is expressed as 

e/ej = -5ue + fuK^K, or e P e Q = fpQRe R , 

where P,Q, R = 0,1, ... ,7. With use of /pqr, the 50(7) gamma matrices — i\i (7 = 1, 2, . . . , 7) 
are constructed as 



or 



(A 



I)PQ 



-flPQ, 



Ai 



/ 0"2 













a 2 














cr 2 





V 








-02/ 



/ -0-3 

cr 3 



V 1 2 



° \ 


-1 2 

/ 
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They are real antisymmetric matrices that satisfy 
{Xi,Xj} = -28ij. 

With Ao = Is, Ao and Xi (I = 1, 2, . . . , 7) are regarded as the 5(9(8) "Weyl +" gamma matrices. 
Utilizing Aq and Xj, the SO (9) gamma matrices Ta are constructed as 



T/ = iXi <g> <r 2 , 



0"i, 



1,. 



0"3, 



or 



A/ 
-A 7 



l s 
Is 



Is 




Again, they are real symmetric matrices that satisfy 
{Ta,Tb} = 25ab, 

where A,B,C = 1,2, ... ,9. The octonion structure constants appear in the off-diagonal ele- 
ments of Tj. The SO (9) generators are constructed as 



1 



Sab 

or more explicitly 



i-[T A ,T B ], 



(6.1) 



^19 



au 

au 

i_ / A/ 

2 I A/ 



J 89 



Ay 



Is 





-A/ 

-lg 




where ou are the SO (7) generators 



1, 



0"/j = ^[A/, Aj]. 

Since are real matrices, the corresponding SO(9) generators f)6. 1 1) are purely imaginary 
matrices; T>* AB = —Y<ab- Thus, the present representation is indeed the Majorana representation, 
in which the charge conjugation matrix is given by unit matrix, and the SO(9) Majorana spinor 
is simply represented by (16-component) real spinor. The 3rd Hopf spinor is introduced as 
SO(9) Majorana spinor subject to the normalization condition 



(6.2) 
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and the 3rd Hopf spinor is regarded as the coordinate of 5 15 . By sandwiching Fa between the 
3rd Hopf spinors, we now realize the 3rd Hopf map as 

* -> x A = ^Ta®. (6.3) 

xa in ([6.3p are coordinates on 5 8 , since 

xaxa = (*'^) 2 = I- 

A=l,2,...,9 

An analytic form of except for the south pole, is represented as 

* = 1 ( + ^ A 

where $ is a SO (7) real 8-component spinor subject to the constraint 
= 

representing the 5 7 -fibre. Then, $ has the same degrees of freedom of the 2nd Hopf spinor tp. 
We may assign = (Re -i/>,Im ■(/')*, and the 3rd Hopf spinor is expressed as 



9 



y/2(l + xg) 



Naively anticipated connection A = —i^d^ vanishes due to the Majorana property of 
however, defining 

* = ^J_ ( { \ +X f 8 ), (6.4) 
^2(1 + x 9 ) V^sls - AlXiJ 

the connection of 5 7 -fibre is evaluated as 

A = -i* 4 <i* = dx A A A , 

where A A = (A M ,A g ) (M = 1,2, • • • ,8) are 

v4m = -^— - — &MNXN, ^9 = 0, (6.5) 
1 + x 9 

with M = 1,2, ... ,8. Here, &mn are 50(8) "Weyl +" generators given by 
&ij = ^[Aj, Aj], crjs = — cr 8 / = — i-A/. 

(<t/j and cr/8 are pure imaginary antisymmetric matrices.) The field strength Fab = 9aAb — 
&b Aa + £[Aaj4b] is also evaluated as 



Fmn — —xmAn + xnA m + cjmn, Fm9 — —Fqm — (1 + ^9)^ 



Mi 



which represent the 50(8) monopole gauge field |35| . Similarly, except for the north pole, the 
3rd Hopf spinor has an analytic form 

V2(l-x 9 ) V (1-Z9)1 8 J 
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and the connection is 

A' M = -— — a MN XN, A g = 0, (6.7) 
l-x g 

where 

The corresponding field strength is derived as 

F'mn = %mA' n - x N A' M + umn, F M9 = —Fg M = (1 - x 9 )A' M . 
Here, the 50 (8) generators (Jmn (&mn) satisfy a generalized self (anti-self) dual relation: 

4 4 
&MN = ^MNPQABCD^PQO AB&CD, &MN = ~ CMNPQABCD& PQ® AB& CD ■ 

The two expressions (|6.4p and (j6.6[) are related by 

*' = ( 9 °v«, 



,0 9, 

where g signifies an 50(8) group element 

9 = , 1 ,A x 8 + Xixj), 
which yields 



-ig l dg = -— ^ — ^T, MN x N dx M , -igdg f = — ^\ [N x N dx M . 

X 9 *^ 9 



Then, the gauge fields, (|6.5p and (|6.7p . are concisely represented as 

A = %-{!- x 9 )dgg l , A' = + x 9 )g t dg, 

and are related by 

A' = g l Ag - ig l dg. 
Similarly, their field strengths are 

F' = gfFg. 

The non-trivial topological structure of the 50(8) monopole bundle is guaranteed by the homo- 
topy theorem 

vr 7 (50(8)) ~ Z©Z, 

which is specified by the Euler number 

e = / tr (F A F A F A F). 
Js* 
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Table 2. In the 1st and 2nd Hopf maps, the fuzzy manifolds are uniquely determined, since the cor- 
responding fuzzy spheres and complex projective spaces are equivalent, i.e. Sp ~ CPp and Sp ~ CPp. 
Meanwhile, in the 3rd Hopf map, two corresponding fuzzy manifolds, S F ~ 50(9)/[/(4) and CPp ~ 
S^/S 1 , are not equivalent. 



Division algebra 


Complex numbers 


Quaternions 


Octonions 


Hopf maps 


1st 


2nd 


3rd 


Fuzzy sphere 


S 2 F ~ SO(3)/U(l) 


S F ~ SO(5)/U(2) 


S F ~ SO(9)/U(4) 


Fuzzy CP" 


cp f ~ sys 1 


CP| ~ S'/S L 


CP F ~ S i5 /5 X 



6.2 Fuzzy CP 7 and fuzzy S 8 

In the realization of the 3rd Hopf map, we utilized the real (Majorana) spinor. The fuzzification 
procedure in the previous sections can not be straightforwardly applied to the present case, 
since we do not have the complex conjugate spinor to be identified with derivative. However, 
with 16 real components of the 3rd Hopf spinor, we can construct an 8-component normalized 
complex spinor to be identified with coordinates on CP 7 . Then, in the present case, there exist 
two different types of fuzzy manifolds, depending on the choice of the irreducible representation 
of SO(9). The first one is the above mentioned fuzzy CP 7 ~ S 15 / S 1 specified by the vector 
representation of 5*0(9), while the other is the fuzzy eight-sphere S F — SO(9)/U(A) specified 
by the spinor representation. Both two fuzzy manifolds are reasonable generalizations of the 
previous low dimensional fuzzy spheres and fuzzy complex projective spaces (see Table [2]). 

7 Beyond Hopf maps: even higher dimensional generalization 

We have reviewed the construction of fuzzy manifolds based on the Hopf maps. Since the Hopf 
maps are only three kinds, the corresponding fuzzy manifolds are also limited. However, from 
the results of the Hopf maps, one may naturally infer two possible generalizations of the fuzzy 
manifolds, one of which is a series of fuzzy spheres: 

Sf ~ SO(2Ar + l)/l7(A0, 
and the other is that of fuzzy complex projective spaces: 

cp| ~ su(k + i)/u(k) ~ s 2k+l /s\ 

In this section, we first introduce mathematics of fuzzy spheres Sp*' in arbitrary even dimensions, 
and next provide their physical interpretations, mainly based on Hasebe and Kimura [56] (see 
also Fabinger [57] and Meng [58])- Fuzzy CP k manifolds and their corresponding Landau models 
are discussed in Appendix IB1 

7.1 Clifford algebra: another generalization of complex numbers 

It may be worthwhile to begin with the story of generalization of the complex numbers to 
Clifford algebra. Generalization from fuzzy two-sphere to its higher dimensional cousins are 
quite analogous to the generalization of complex numbers. As discussed in Section [21 Cayley- 
Dickson construction provides one systematic way to construct new numbers by duplicating the 
original numbers, but this construction method has a fatal problem: If we utilize the method, the 
resulting algebra loses a nice property of numbers one by one. For instance, in the construction 
of quaternions, the commutativity of the complex numbers was lost. In the construction of 
octonions, even the associativity of quaternions was abandoned. Consequently, generalization 
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of complex numbers ends up with the octonions, and there are only three division algebras 
(except for real numbers). Clifford found another generalization of complex numbers, based 
on Hamilton's quaternions and Grassmann algebras, known as Clifford algebra. The Clifford 
algebra, Cliff n , consists of 2 n basis elements {1, e a , e a e b , e a e b e b , . . . , e^e^ ■ ■ ■ e n } (a ^ b, a ^ b ^ 
c, . . . ) , and its algebraic structure is determined by the relation^ 

{e a ,e b } = 25 ab . (7.1) 

The division algebras except for the octonions are realized as special cases of Clifford algebra, 
i.e. M = Cliffo, C = Cliffi, and H = Clif f2 • The Clifford algebra can also be regarded as the 
"quantized" Grassmann algebra (compare (|7.ip with {ry a ,%} = (|4.ip ). Though the division 
property is in general lost, the Clifford algebras always maintain the nice associative property, 
and are represented by gamma matrices that satisfy 

{7a, 7b} = 25 ab . 

Importantly, there are analogous geometrical properties between the division algebras and the 
Clifford algebras: In the division algebras, new numbers are constructed by the Cayley-Dickson 
construction. Similarly, higher dimensional gamma matrices are constructed by the lower dimen- 
sional gamma matrices. Specifically, SO(2k — 1) gamma matrices 7 t - 2fc ^ (i = 1,2, ... ,2k — I) 
are provided, SO(2k + 1) gamma matrices i^ k+l ^ (a = 1, 2, . . . , 2k + 1) can be constructed as 

(2fe+i) _ ( ilf 1 *^ \ (2fc+l) _ fO l\ (2fe+l) _ fl 



HT" = [_^, " „ j , -XT' = (J 1), 7£„" = (^o _ij • <w) 

Thus, in any higher dimensional gamma matrices are constructed by repeating the above pro- 

(3) (3) (3) 

cedure from the SO(3) gamma matrices, 7J; = — 02, 72 = ci, 73 = 0-3- As the Hopf maps 
exhibit the hierarchical structure stemming from the Cayley-Dickson construction, the geometry 
of higher dimensional fuzzy spheres reflects the iterative construction structure of the gamma 
matrices as we shall see below. 



7.2 Mathematical aspects of fuzzy sphere 

We first introduce mathematical construction of fuzzy spheres [2j [U HH [151 E21 E3 El] • Co- 
ordinates on fuzzy 2A;-sphere are constructed by the SO(2k + 1) gamma matrices in the fully 
symmetric representation [I, |, . . . , |]: 

OL 

X a = -(7 a <g>l<g>---(g>l+7 a <g>l<g>---<g>H h 1 ® • • • ® 1 ® 7a)sym, 

where j a (a = 1, 2, . . . , 2k + 1) are the SO(2k + 1) gamma matrices in the fundamental repre- 
sentation, and the number of the tensor product is /. Square of the radius of fuzzy 2/c-sphere is 
given by 

2k+l 2 

Y,X a X a = ^I{I + 2k). 
Similarly, in the symmetric representation, the eigenvalue of the SO (2k + 1) Casimir is 

2fe+l 2 

^X 2 ab = ^kI(I + 2k), 

a<b 



4 Though we treat Clifford algebras with Euclidean signature, Clifford algebras can be generally defined with 
indefinite signature. 
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where X ab = — i-g[X a: X b ] are the S0(2k + 1) generators. (Detail calculation techniques for sym- 
metric representation can be found in [21] ■) Thus, the index / of the symmetric representation 
determines the magnitude of the radius of fuzzy sphere. As the dimension of the symmetric 
representation becomes "larger", the corresponding fuzzy sphere becomes "larger". 

As in the case of fuzzy-four sphere, the fuzzy coordinates X a do not satisfy a closed algebra 
by themselves, but X a and X ab satisfy the following enlarged algebra 

OL 

[X a ,X b ] = 2iaX ab , [X a , X bc ] = -i-{5 ab X c - S ac X b ), 

OL 

[X a b, Xcd] = i—(5 ac X b( i — 5 a dX bc + 5 bc X a d — 5 b dX ac ). 

With identification X aj 2k+2 = —X2k+2,a = ^X a and X ab = X ab , the above algebra is found to 
be equivalent to the SO(2k + 2) algebra 

OL 

[Xab, Xcd] = i—{&AcXBD — SadXbc + SbcXad — SbdXac), 

where A, B, C, D = 1, 2, . . . , 2k + 2. Thus, the algebra of fuzzy sphere Sf +1 is SO(2k + 2) [14], 
and is expressed as 

Sf ~ SO(2k + 2)/U(k + 1) ~ SO(2k + 1)/U(k), 

where we used the relation SO{2k + 2)/SO(2k + 1) ~ S 2k+1 ~ U(k + 1)/U(k). The above coset 
representation can also be expressed as 

Sf ps SO(2k + l)/SO(2k) x SO(2k - 1)/U(k - 1) » S 2fc x .S^" 2 . (7.3) 

Fuzzy 2/c-sphere is constructed not only by the operators X a but also the "extra" operators X ab , 
and the very existence of X ab brings the extra fuzzy-space S 2 p~ 2 over S 2k . From (17. 3D . one may 
find the fuzzy sphere is expressed by the hierarchical fibrations of lower dimensional spheres 

Sf ps S 2k x S 2k ~ 2 x • • • x S 4 x S 2 , (7.4) 

which reflects the iterative construction of gamma matrices from lower dimensions. 

7.3 Hopf spinor matrix and SO(2k) monopole 

To obtain monopole bundles in generic even dimensions, we "extend" the Hopf maps. First, we 
define "Hopf spinor matrix" of the form 

^ = 1 ((1 + £2fc+l)l 

^2(l + x 2fc+ i) 1.(^1 - iliXi) 

where 1 stands for 2 k x 2 k unit matrix, ji (i = 1,2, ... ,2k — 1) are SO(2k — 1) gamma matrices, 
and x a (a = 1, 2, . . . , 2k + 1) are coordinate on 2fe-sphere satisfying X^a=i^ x a%a — 1. The Hopf 
spinor matrix is a 2 k+1 x 2 fc matrix that satisfies 

X a l = * f 7a*, 

where j a are SO (2k + 1) gamma matrices (|7.2|) . The corresponding monopole gauge field is 
evaluated as 

A = dx a A a = -i^d&, 
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where 

A v = ~ on , 1 A 2k+1 = 0. (7.6) 

2(l + x 2 fc+i) ^ 

£+, (/i, i/ = 1, 2, . . . , 2fc) are SO(2k) generators given by 

The field strength F a fe = <9 aJ 4ft — <9ft^4 a + iLA a , .A&] is calculated to yield 

F^u = ~x^A u + x u A^ + E+,, F M)2fe+ i = -F 2 fc+i )jU = (1 + x 9 )^ M . 

These are the SO(2k) non-Abelian monopole gauge field strength [59 } loT], Another repre- 
sentation of the Hopf spinor matrix is introduced as 

" ^2(1 " S2fc+l) V (l-^2fc+l)l ^ ' 

and the corresponding gauge field, A' = —i^^d^f', reads as 
1 

2(1 - x 2 fc+i) 

where 



— 9 /-i _ r^/xi/ 21 !/! A*2k+i — 0i (7-8) 



V~ — T + V~ - — V + 

U ~~ ij> «,2fc ~~ Zj 2fe,i- 

The gauge field strength F' ah is 

The SO(2k) generators, and S"^, satisfy the generalized self and anti-self dual relations, 
respectively: 

2 k ~ 1 

y± _4- ^ y± . . . v± 

The two Hopf spinor matrices (I7.5|) and (17. are related by the transformation 

*'^:)-*' 

where 5 is an SO (2k) group element 

1 N 
9 = 1 --( x 2k + lliXi). 

1 - T 2 
1 x 2fc+l 



With 5, the gauge fields (|7.6p and (|7.8p are concisely represented as 
A = - x 2 k+i)dgg\ A' = -hi 1 + x 2k+i)g j dg, 



where 



-ig^dg — — ^ ^^uXudx^, —igdg^ — ^ Y,~^ u x u dx^. 

1 ~~ X 2fc+1 1 ~~ X 2/c+l 
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Then, the two gauge fields are related as 

A' = g^Ag - ig^dg, 
and the field strengths are 

F' = giFg. 

The homotopy theorem guarantees the non-trivial topology of the SO(2k) bundle fibration 
over S 2k : 

7r 2fc _ 1 (50(2fe)) = Z, 

which is specified by the Euler number 

e= f tr(F k ). 

Js 2k 

7.4 SO(2k + 1) Landau model 

In generic <i-dimensional space, Landau Hamiltonian is given by [56j 

H = — —— D 

2M a ~ 2M dr 2 K " v 2Mr dr ' 2Mr 2 



a<b 



where D a = d a + iA a (A a is the SO(2k) monopole gauge field), and A a b = —ix a Db + ixbD a . 
The covariant momentum A a b does not satisfy the SO (2k + 1) algebra but satisfies 

[And, A CC J = i(5 ac A bd + <5brfA ac — <5(, c A arf - 5 a dA bc ) 

ii^a-^c^bd ^bXdFac XbX c F a d X a XdF b c) • 

The conserved SO (2k + 1) angular momentum is constructed as 

L a b = A a fe + r 2 F ab , 
which satisfies the SO (2k + 1) algebra 

[Lab, Led] = i($acLbd + hdL ac ~ hcL a d ~ §adLbc), 

and generates the SO(2k + 1) transformations, for instance 

[L a b, A c rf] = i(5 ac Abd + dbd-Aac — ^bc^-ad ~ ^ad^-bc), 
[L a b, F c d] = i(5acFbd + hd^ac ~ hcFad ~ &adFbc)- 

On 2/c-sphere, the Landau Hamiltonian (|7.9p is reduced to SO (2k + 1) Landau Hamiltonian 



1-Va 2 



H 2MB 2 

a<b 

With the orthogonality A a bF a b = F a bA ab , the Hamiltonian is rewritten as 



\a<b a<b / \a<b n<v 



2 
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Table 3. The fuzzy 2/c-sphere is physically realized in the LLL of the SO(2k + 1) Landau model. 
Previously encountered monopoles are understood as the special cases of SO(2k) monopoles, for instance 
U(l) ~ 50(2), SU(2)(®SU(2)) ~ 50(4). Note also SU(4) ~ 50(6). The holonomy groups of spheres 
are equal to the corresponding monopole gauge groups. 



Fuzzy sphere 


Corresponding original sphere 


Monopole gauge group 


S F ~ S0(3)/U(l) 


~ SO(3)/SO(2) 


U(l) 


S F ~ SO(5)/U(2) 


S 4 ~ 50(5)/50(4) 


SU{2) 


S b F ~ SO(7)/U(3) 


~ 50(7)/50(6) 


SU(A) 


S F ~ 50(9)/C/(4) 


S 8 ~ 50(9)/50(8) 


50(8) 








S£ fe ~ S0(2A; + l)/LT(fe) 


~ ,S0(2A; + l)/SO(2k) 


S0(2k) 



where ^a<6 -^ab = 2^2 n<i/ ^jL was used. As in the previous Landau models, we take the fully 
symmetric spinor representation (1/2) = [|,|,...,|] for the SO(2k) Casimir X^<j/^/L> an d 
the irreducible representation (n, 1/2) = [n+|, |, |, . . . , |] for the 50(2/c+l) Casimir X^a<b ^a&; 
with the Landau level index n. In such a representation, the energy eigenvalues are given by 

En = ^^(C 2k+1 (n,I/2) - C 2k (I/2)), 
where C 2k+ \(n, 1/2) is the SO(2k + 1) Casimir eigenvalue for (n, 1/2): 

C 2k+1 (n, 1/2) = n 2 + n(I + 2k - 1) + ^1(1 + 2k), 
and C 2k (I/2) is the S0(2k) Casimir eigenvalue for (1/2): 

C 2k (I/2) = J2^lu = \lHl + M-2). 

H<v 

Consequently, the energy eigenvalues of the SO(2k + 1) Landau model are derived as 

E n = — — = (n 2 + nil + 2k - 1) + -Ik). 
2MB 2 y y ' 2 ' 

In the thermodynamic limit: R,I—>oo with I/R 2 fixed, the Landau levels are reduced to 
2Mi? 2 V 2 ; 

The LLL energy, -Elll — TMW^" 1 depends on the spacial dimension 2k. In the thermodynamic 
limit, S 2k is reduced to 2/c-dimensional plane, and the zero-point energy ^ = coming 
from each 2-dimensional plane amounts to -Elll- 

As discussed above, coordinates on fuzzy 2/c-sphere are given by the SO(2k + 1) gamma 
matrices in the symmetric spinor representation. Similarly, the LLL basis of the SO(2k + 1) 
Landau model realizes such a symmetric spinor representation. Thus, the LLL of SO(2k + 1) 
Landau model provides a physical set-up for 2/c-dimensional fuzzy sphere (see Table [3|). 



7.5 Dimensional hierarchy 

Here, we give a physical interpretation of the hierarchical geometry of higher dimensional fuzzy 
spheres (|7.4p . From the formula of the irreducible representation of SO(2k + 1) [39], the degen- 
eracy in nth LL is given by 



d{n) 



2n+I+2k-l (n+fc-1)! k yt ^ n+f+gfc-i tj A I+2k-i-l 

(2k-l)\\ n\(k-l)\ \.L [I + 2i 2k-i H 11 Ik-i-l ' 

v ' y ' i=l i=2 1=1 i=l+2 



32 



K. Hasebe 




Figure 1. Lower dimensional spheres gather spherically to form a higher dimensional fuzzy sphere. 



Table 4. Correspondence between algebras, monopoles, and fuzzy spheres. 



Algebras 


Bundle structure 


Monopoles 


Fuzzy manifolds 


Division algebra 


Canonical bundle 


17(1), SU(2), 50(8) 


Fuzzy 2,4,8-spheres 


Grassmann algebra 


Graded canonical bundle 


Supermonopole 


Fuzzy supersphere 


Clifford algebra 


Spinor bundle 


SO(2k) 


Higher d. fuzzy spheres 



In the LLL, the representation is reduced to the fully symmetric spinor representation Lr 
and the degeneracy becomes 



■>2J' 



<7lll 



(J + 2fc-l)!! 



(2k -!)!!(/ -1)!! 11 (I + l)\(2l)\ 



fe-i 

n 



(I + 21)111 



I ■ I ■ P 



-1 _ jk 



12 



\k{k+l) 



(7.10) 



The last expression implies a nice intuitive picture of the hierarchical geometry of fuzzy spheres. 
Each of the SO (2k) monopole fluxes on S occupies an area t 2k = (l/B) k = (2R 2 /I) with the 



magnetic field B = (2ttI)/(4ttR 2 ), and the number of fluxes on S is ~ R 2k /£g ~ 7 . Besides, 
the monopole flux itself is represented by the generators of the non-Abelian SO(2k) group, and 
is regarded as a (2k — 2)-dimensional fuzzy sphere. Again, the (2k — 2)-dimensional fuzzy sphere 
is interpreted as a (2k — 2)-dimensional sphere in SO(2k — 2) monopole background, and then, 
on S 2k ~ 2 , there are SO(2k — 2) fluxes each of which occupies the area lf~ 2 = (l/B)^ 1 = 
(2R 2 /lf~ 1 . Therefore, the number of SO(2k - 2) fluxes on S 2k ~ 2 is ~ R 2k ~ 2 /£ 2k ~ 2 ~ J*" 1 . 
Similarly, the SO(2k — 2) non-Abelian flux is given by the generators of the SO(2k — 2) group, 
and regarded as a fuzzy S' 2fc_4 . Thus, on S 2k , we have I k S 2k ~ 2 , on which J^- 1 S 2k ~ A , on which 
jk-2 g2k-6^ gy thjg iteration, we obtain the formula (|7.10p . Inversely, we can view this 
mechanism from low dimensions: Lower dimensional spheres gather spherically to form a higher 
dimensional sphere, and such iterative process amounts to construct a higher dimensional fuzzy 
sphere. The dimensional hierarchy is depicted in Fig. [TJ 



8 Summary and discussions 

We reviewed the close relations between monopoles, LLL, and fuzzy spheres. The fuzzy 2/c-sphere 
is physically realized in the LLL of the SO(2k + 1) Landau model. In the generalization of fuzzy 
spheres, three classical algebras; division algebra, Grassmann algebra, and Clifford algebra, 
played crucial roles. They brought the basic structures of monopole bundles and fuzzy spheres 
(Table H]). In particular, the hierarchical geometry of fuzzy spheres is a direct manifestation 
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of their gamma matrix construction: As higher dimensional gamma matrices are constructed 
by lower dimensional gamma matrices, higher dimensional fuzzy sphere is constructed by lower 
dimensional spheres. Such dimensional hierarchy can be physically understood in the context of 
higher dimensional Landau model. It should be mentioned that, in [62], such interpretation was 
successfully applied to dual description of higher dimensional fuzzy spheres in string theory. We 
also emphasize the importance of the Hopf map in realizing fuzzy sphere. In the fuzzification of 
spheres, the total manifolds (Hopf spinor spaces) of the Hopf maps played a fundamental role: 
The total manifolds were firstly fuzzificated and as "a consequence" the basemanifolds (spheres) 
are fuzzificated. Interestingly, this fuzzification mechanism coincides with the philosophy of 
twistor theory (see [63] and references therein). 

There are various works related to the present paper: Even restricted to the recent ones, 
supersymmetric extensions of the Landau model [Ml ESI [66] E7J EH] EH] , supersymmetric fuzzy 
manifolds [70] EI] , generalizations of the Hopf maps [72] [73] EU [75] , supersymmetric quantum 
mechanics EZl C3 ISl EDI EH IS3 E3| , and applications to string theory [M] 185] 186] IH7] . 

Finally, we comment on applications to many-body physics. The correspondence between 
fuzzy geometry and LLL physics argued in the paper was at one-particle level observation. 
Interestingly, there even exists correspondence at many-body level: Many-body groundstate 
wavefunction of quantum Hall effect (Laughlin wavefunction) is mathematically analogous to 
an antiferromagnetic ground state (AKLT state) [881 189] . Accompanied with the higher di- 
mensional and supersymmetric generalizations of the quantum Hall effeclH, their formalism has 
begun to be applied to the construction of antiferromagnetic quantum spin states with higher 
symmetries [89} IM] . 



A Oth Hopf map and SO (2) "Landau model" 

Real numbers are the "Oth" member of the division algebra. For completeness, we introduce the 
Oth Hopf map 

S 1 A S\ 

and the corresponding Landau model. The Oth Hopf map is realized by identifying "opposite 
points" on a circle, and is simply visualized as the geometry of Mobius strip whose baseman- 
ifold is S 1 and transition function is Z2. Unlike the other Hopf maps, the dimension of the 
basemanifold is odd and the structure group is a discrete group. 



A.l Realization of the Oth Hopf map 

With the coordinate on a circle, w = {w\,W2) t (a real two-component spinor subject to w t w 
w\ + wl = l), the Oth Hopf map is realized as 



w 



U'l 
W 2 



X2 = w t aiw. 



(A.l) 



Here, o\ and 173 are the real Pauli matrices. x\ and X2 are invariant under the transformation 
(1^1,^2) — > —(wi,W2), and hence (xi,^) is Z2 projection of (wi,W2)- From (lA.ip . one may find 
1. Inverting the map, w can be expressed as 



(w t w) 2 



1 



1 +xi 



s/2{l + x x ) V x 2 



( e \ 

I cos - > 



2 
9 

V Sm 2/ 



interested readers are expected to consult the review [24], and [90] [91] 92, 93, 63] for more recent works. 
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where x\ and %2 are parameterized as x\ = cos# and y = sin (9. The corresponding connection 
vanishes: A = —iw t dw = 0. Meanwhile, using a U(l) element to = w\ + iw2 = e*2 , the 0th Hopf 
map is restated as 



u) — > X\ + 1x2 = uj 2 , 
and the connection, A = —iui*doj = iw t 02dw = dxA x + dyA y , is given by 

a 1 a 1 1 

Ar = --y, A y = -x or A e = --. 

It is straightforward to see the field strength, B = d x A y — d y A x , represents a solenoid-like 
magnetic field at the origin: 

B = nS(x,y). 
A.2 SO (2) "Landau model" 

Next, we introduce "Landau model" on a circle in the presence of magnetic fluxes [95] 
B = Itt6(x, y). 

Here, / is the number of magnetic fluxes, and takes an integer value. The corresponding gauge 
field is given by 



J_ J_ 

Ax ~ 2r 2 ^' y ~ 2r 2X ' 



where r 2 = x 2 + y 2 . Since the magnetic fluxes are at the origin, the classical motion of a charged 
particle on a circle is not affected by the existence of the magnetic fluxes. In quantum mechanics, 
however, the result is different. With the covariant derivatives D x = d x +iA x and D y = d y +iA y , 
Landau Hamiltonian on 2D plane is given by 

tt = 3_cn 2 4- r> 2 \ = _l 1 a2 

2M { x ^ y) 2M Or 2 ^ 2Mr 2 ' 

where A is the covariant angular momentum 

d 

A = -ixD y + iyD x = -i— + A e , 

with Ag = |. On a circle with radius R, the Hamiltonian is reduced to SO (2) "Landau Hamil- 
tonian" 



1 2 1 (d 



H = - —rA Z = — — r — + -I 



I 



2MR 2 2MR 2 \d0 2 

This is a one-dimensional quantum mechanical Hamiltonian easily solved. In higher dimensions, 
the covariant angular momentum is not a conserved quantity, but the present case it is, as simply 
verified [A, H] = 0. Since the magnetic field angular momentum does not exist on the circle, 
the particle angular momentum itself is conserved. Imposing the periodic boundary condition 

u(9 = 2vr) = u{9 = 0), 



the eigenvalue problem is classified to two cases: even / and odd /. For even /, the energy 
eigenvalue are given by 
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where n = 0, 1, 2, 3, . . . . The eigenstates are 

u(9) ±n = * e <(±*-*)«. 
v 2tt 



Except for the lowest energy level n = 0, every excited energy level is two-fold degenerate. 
The physical origin of the double degeneracy comes from the left and the right movers on the 
circle. The energy levels are identical to those of free particle on a circle. Thus, for even /, the 
magnetic flux does not affect the energy spectrum of the system. Meanwhile, for odd /, the 
energy eigenvalues become 

K = 7^7P>(n+l) , (A.2) 



2MR 2 V 2, 
and the corresponding eigenstates are 

v 2tt 



All the Landau levels are doubly degenerate even for n = 0. The energy spectra (|A.2|) are 
different from those of the free particle on a circle, reflecting the particular role of the gauge 
field in quantum mechanics. It is also noted that the number of the magnetic fluxes / has nothing 
to do with the degeneracy in Landau levels unlike the other Landau models (see equation (13.111) 
for instance). 

B Generalized 1st Hopf map and SU(k + 1) Landau model 

B.l SU(k + 1) Landau model and fuzzy complex projective space 

The projection from sphere to complex projective space, 

s2k+1 cpfe) 

is a straightforward generalization of the 1st Hopf map. (Note CP 1 ~ S 2 .) In [96], Karabali 
and Nair introduced SU(k + 1) Landau model on CP k in U (1) monopole background. Since the 
SU(k + 1) Landau models are reviewed in |20t I24j. we survey the main results. The SU (k + 1) 
Landau model Hamiltonian is given by 

where Cgu(k+i) represents the Casimir operator of the SU(k + 1) group. One may notice 
analogies between (jB.ip and the spherical Landau model Hamiltonians (see for instance (|3.9|) ). 
The SU(k + l) group has k Casimirs, and hence its irreducible representations are specified with 
Young tableau index, [Ai, A2, . . . , A&]. In the SU(k + 1) Landau model, Young tableau index 
is chosen as [Ai, A2, • • • , A&] = [p + q, q, . . . , q]. When q = 0, the Young tableau index becomes 
[p, 0, . . . , 0] representing the fully symmetric representation of the SU(k + 1) spinor. Meanwhile, 
when p = 0, the index becomes [q, q, . . . , q] representing the fully symmetric representation 
of the SU(k + 1) complex spinor. The "difference" between the fundamental and complex 
representations is specified hj I = p — q, which corresponds to the U(l) monopole charge. The 
Landau level index can be taken as q = n, since, in LLL (n = 0), the irreducible representation 
is reduced to the fully symmetric spinor representation. Thus, the SU(k + 1) Young tableau 
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index (n,I) = [2n + 1, n, ...,n] specifies the states of the nth Landau level in U(l) monopole 
background with magnetic charge 



1 



2MR 2 



C 



SU(k+l 



2(fe+l) 



k 



tv J. Then, the energy eigenvalues are derived as 



2(fc + l) 



1 



2MB 2 



n(n + k) + / ( n + 



k 



(B.2) 



and the corresponding degeneracies are 



d(n, I) 



k\(k- 1)! 



(2n + I + k) 



(I + n + k- l)!(n + k - 1) 
(7 + ra)!n! 



(B.3) 



The A; dependence of the LLL energy = fc is simply understood by remembering that 
CP fc consists of k complex planes each of which equally provides zero-point energy contribu- 
tion = 4A f ^ to LLL energy. The LLL basis elements are constructed by the fully symmetric 
products of the SU(k + 1) Hopf spinor or the Perelomov coherent state of SU{k + 1) [97] 



V' 



y/1 + zfzi + ip2 + • • • + z* k z k 



/1\ 

\z k ) 



(B.4) 



as 



, (mi,mj,..,m t ) 
^LLL 



^/l + + z|z 2 H h 



Zk 



(B.5) 



where mi + 777-2 + • • • + rnk+i = ^ m 2, ■ • • , m k > 0). Thus, the degeneracy in the LLL is 
dhhh = ^mr that coincides with d(0,I) of (|R3]) . With the 5C/(/c + 1) Hopf spinor (TB3D , the 
LLL Lagrangian is given by 



Llll 



~ U ^~dl^' 



After quantization, the normalization constraint ip'ip = 1 is imposed on the LLL states: 

t d 
dip 

Indeed, the LLL states (IB. 5ft satisfy the above condition. 

Fuzzy CP k is constructed by taking the fully symmetric representation of SU(k + 1) [981 ESI 
I10CH [22]. With the SU(k + 1) extended Schwinger boson operator 



1> 



ft 1 \ 

02 



\>Pk+J 

satisfying [tp a , ^g] = 5 a fs (a, j3 = 1, 2, . . . , k + 1), coordinates on fuzzy CP are constructed as 
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where tj (i = 1, 2, . . . , k 2 + 2k) stand for the fundamental representation matrix of the SU(k + l) 
generators, normalized as tr (tjtj) = Square of the radius of fuzzy CP k is given by the 

SU(k + 1) Casimir operator: 

k 2 +2k , 

E = 2(fcTT) a2/(/ + k + l) - (B - 6) 

In particular for fuzzy CP 1 (k = 1), equation (|B.6j) reproduces the result of fuzzy two-sphe- 
re 

3 2 

cr 



E^iTi = T /(/ + 2 



4 

i=l 

Similarly for fuzzy CP 3 (k = 3), equation (1B.6|) becomes 
15 



^f^ = |a 2 /(I + 4), 



i=l 

which is equal to the Casimir of fuzzy four-sphere 

5 



5 

i ]T X a l a + £ X ab l afe = |a 2 /(/ + 4), 



a=l a<fe 

where X a and X a b are given by equations (|5.20p and (|5.2ip . respectively. 
The symmetric representation is constructed as 

|m 1 ,m 2 , . . . , m k ) sym . = ] =M) mi {i>\T 2 ■ ■ ■ (^ +1 ) mfc+1 |0>, 

where mi + m 2 + • • • + nik+i = ^ (^l, • • • j "ifc+i > 0). The number of the states consisting 
of fuzzy CP k is d(0,I) = j^jr ■ From the above discussion, the correspondences between the 
SU(k + 1) Landau model and the CP k fuzzy manifold is apparent. 

B.2 Relations to spherical Landau models 

As easily verified, the SU(2) Landau model is equivalent to the 50(3) Landau model. From 
the formulae (|B.2[) and (|B.3[) . the energy eigenvalues and degeneracies of the SU(2) Landau 
Hamiltonian are derived as 

^ n= 2lZR2 ( n(n + 1) + / ( n + ^))' d n = 2n + I+l. 

These indeed reproduce the results of the 50(3) Landau model, f|3. lOj) and (|3.1ip . Moreover, 
the SU(2) coherent state 

, 1 " 



a/1 + z*z \zj ' 
corresponds to the 1st Hopf spinor (I3.4p by the relation 

_ 4>2 _ X\ + iX2 
01 l + a;3' 

and the SU(2) LLL basis elements (|B.5|) for k = 1 are equal to equation (|3.12p . 
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There also exists correspondence between the SU^A) and SO (5) Landau models in the LLL. 
Again from equations (|F3.2[) and (jB.3[) . the energy eigenvalues and degeneracies of the S'C/(4) 
Landau model are read as 



d n = j^(n + l)(n + 2)(J + n + !)(/ + n + 2) (I + 2n + 3). 



(B.7) 



The SU{4) Landau level energy is different from that of the SO(5) Landau model ()5.1ip . only 
by the total energy shift j^jj^il- This discrepancy is understood by a simple geometrical argu- 
ment [96]: Since CP 3 ~ <S 4 x S 2 , the CP 3 is regarded as S^-fibration over S" 4 , and the zero-point 
energy from the extra S 2 -space, ^ = ^m^i !■> gives rise to the difference. Generally, the degene- 
racy of Landau levels of the SU(A) Landau model (1B.7|) is different from that of the SO (5) Lan- 
dau model (|5.12p . but in the LLL, both quantities coincide to yield c?lll = + + 2) (J + 3). 
This manifests the equivalence between the 50(5) and SU(A) Landau models in LLL. By com- 
paring the 2nd Hopf spinor (|5.5p with the SU(4:) coherent state 



we find the correspondence 



Zl 
Z2 
W 



l/>2 02 

Zl = T = 7T' 



3 _ ^3 _ 1 

'01 1 + %l 



1p4 

^3 = — 



1 



Xi - zx 3 - (ixi + x 2 ) — 

01 



ixi + x 2 + (X4 + ^3)— , 

-01 1 + X 5 V 01, 



and also for the LLL basis elements, (|5.13p and ()B.5P for = 3. 



Note added 

After completion of this work, the author learned the works [101[ 1102] . In the appendices of the 
papers, the fuzzy spheres (Sp, Sp, Sp and S F ) are constructed in the context of embedding in 
Moyal spaces, with emphasis on relations to the Hopf maps. Such constructions are completely 
consistent with the descriptions in the present paper. The author is grateful to Mohammad M. 
Sheikh-Jabbari for the information. 
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